By using the density-matrix renormalization-group numerical method, we investigate the bond order wave ͑BOW͒ and energy gap ͑EG͒ in a one-dimensional half-filling bond-charge attraction model, which can be mapped from the electron-phonon interacting Su-Schrieffer-Heeger ͑SSH͒ Hamiltonian at the antiadiabatic limit. The obtained results are compared with that of the SSH model at the adiabatic limit as well as that within the mean-field approximation. It is shown that a simple linear relation between the BOW and the EG is kept even at the antiadiabatic limit while the reduction of the BOW is much smaller than that of the EG. DOI: 10.1103/PhysRevB.66.035115 PACS number͑s͒: 71.10.Fd, 71.10.Pm, 63.20.Kr In a one-dimensional system, a metallic phase is unstable against the electron-phonon interaction, which results in a Peierls transition.
In a one-dimensional system, a metallic phase is unstable against the electron-phonon interaction, which results in a Peierls transition. 1 In the half-filled case, a dimerized lattice will be formed and its ground state will be at an insulating phase.
2,3 This will be true for an arbitrarily small electronphonon coupling within the mean-field adiabatic approximation, which treats the phonon degree of freedom classically. However, a simple estimate of the zero-point motion of the atoms about their equilibrium positions shows that these excursions are of roughly the same order as the classical dimerization amplitude. 4 So an important issue is the effects of quantum fluctuation, such as the survive of Peierls insulating states. 5 There have been quite a few studies on the problem in the Holstein, [6] [7] [8] Su-Shrieffer-Heeger ͑SSH͒, [9] [10] [11] [12] and spin Peierls [13] [14] [15] [16] models, which are often used to describe a wide range of quasi-one-dimensional materials such as MX chains, charge-density-wave ͑CDW͒ compounds, conjugate polymers, and charge-transfer salts.
As is well known, the Peierls dimerized state can be described by two order parameters, i.e., the bond order wave ͑BOW͒ and energy gap ͑EG͒. Within the mean-field approximation, the two order parameters ͑BOW and EG͒ are always kept in a simple linear relation so that they are actually the same one. Once quantum fluctuations are taken into account, their behaviors will be quite different, 17 but this difference was usually ignored.
5,18 A very interesting problem is whether all these obtained results, such as the Peierls insulating state, survive the separation of the two order parameters BOW and EG. As a first step, in this paper we would like to investigate the relation between these two order parameters in the one-dimensional half-filling SSH model with spin-1/2 electrons at the antiadiabatic limit by use of the powerful density-matrix renormalization-group ͑DMRG͒ method. 19 The obtained results are compared with that at the adiabatic limit as well as that at the antiadiabatic limit within the mean-field approximation. It is shown that a simple linear relation between the BOW and the EG exists both at the adiabatic and antiadiabatic limits, while the reduction of the BOW due to the quantum effect is much smaller than that of the EG.
We start from the SSH Hamiltonian
where the bond-charge-density operator B l,lϩ1 is defined as
is the creation ͑annihilation͒ operator of electrons sitting on the site l with spin ; u l (p l ) is the displacement ͑momentum͒ of the site l; t, ␣, and K are the constants for the electron hopping, electron-lattice coupling, and lattice elasticity; M is the mass of the CH group; and n (ϭ1 for spinless and 2 for spin-half fermions͒ is the spin degree of freedom.
First we write down the definition of the BOW ⌬ BOW ,
which measures the difference in the electron density of the short and long bonds on the chain, L is the number of sites of the system and ͗ ͘ refers to the expectation value in the ground state, and the EG order parameter ⌬ EG is defined as the half of the EG in unit of 2t. As is well known, the ground state is dimerized for a half-filling system, that is, u l ϭ(Ϫ1) l u. Then at the adiabatic limit, we have the electron energy spectrum ϮE k (a) ϭϮͱ(2t cos k) 2 ϩ(⌬ 0 sin k) 2 with the dimerization ͑phonon͒ order parameter ⌬ 0 ϵ4␣u and k running over the Brillouin zone (/2,/2). The dimerization parameter ⌬ 0 is determined by the minimization of the total energy at the ground state, which gives
at the thermodynamic limit, where (ϵ2␣ 2 /tK) is the dimensionless e-p coupling. Then we have two order parameters:
from the definition of Eq. ͑3͒, and
from the energy spectrum at the adiabatic limit. A linear relation between the two quantities is obtained:
In the weak-coupling limit, one finds
Now let us turn to the antiadiabatic limit M ϭ0 of this model. 11 By integrating out the phonon degrees of freedom, we obtain an effective interacting fermion (tϪW) model,
where the effective bond-charge attraction (Wϵt/4) term accounts for the contribution of the phonon fluctuation. In the continuum version of the SSH model, Fradkin and Hirsch already used a renormalization-group treatment to analyze the role of a finite ionic mass M, and pointed out that retardation effects are negligible and the system is always controlled by the Gross-Neveu limit, i.e., the zero-mass limit of the model, if the condition ()ӷ⌬ EG (a,) is satisfied.
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Here is phonon frequency, ⌬ EG is the EG order parameter, and a is the lattice constant. Before discussing the DMRG calculation on model ͑9͒, we give a brief discussion of the result within the mean-field approximation. The self-consistent equation to determine the ground state is given by
where the effective energy spectrum
, in which the effective hopping integral t d and the dimerization ⌬ d are also determined selfconsistently. The BOW order parameter is determined by
and the EG order parameter is
These two order parameters are similar to that at the adiabatic limit ͓Eqs. ͑5͒ and ͑6͔͒, but with a different linear relation:
By comparing Eqs. ͑8͒ and ͑14͒, we observe two points. First, the mean-field result at the antiadiabatic limit includes, a part of the quantum fluctuations, and the reduction of the EG is more than that of the BOW. The other point is that the dependence on the spin degree of freedom n shows that the fluctuations will disappear at n→ϱ, which is consistent with the expectation that the adiabatic result is exact at n→ϱ limit. Now we go beyond the mean-field approximation and include the correlation part, for which we adopt the powerful DMRG method for the interacting model ͓Eq. ͑9͔͒.
It is obvious that Hamiltonian ͑9͒ has a typical SU͑2͒ symmetry on the spin index and also an SU͑2͒ axial charge symmetry, which has been found in the Kondo model 21 and the Hubbard model. 22 Due to the charge-spin symmetry, 17 we have an equality for the spin and charge gaps. So we can define the EG order parameter in the numerical calculation as
where E 0 (N ↑ ,N ↓ ) is the lowest energy of the system with N ↑ up-and N ↓ down-spin electrons. For a finite lattice system, it can be shown rigorously that the lowest energy state of Hamiltonian ͑9͒ with free boundary conditions in each (N ↑ ,N ↓ ) subspace is nondegenerate, and that the lowestenergy state has a spin SϭS z . 23 Therefore, there is no level crossing with the lowest energy state in the (N ↑ ,N ↓ ) sector. For the BOW order parameter defined in Eq. ͑3͒, it usually takes a very long chain for the direct calculation of ⌬ BOW to identify the lattice dimerization order parameter in the thermodynamical limit. 24 Instead, we do a calculation of the staggered bond-charge structure factor defined as
it can be shown that ͱS BOW ()/L→⌬ BOW for large L. Previous work 17 showed that the convergence of the structure factor is much quicker than that of the order parameter itself.
As is well known, DMRG calculations 19 allow an essentially exact treatment of electron correlations at a fully quantum-mechanical level. An open boundary condition is adopted since the DMRG result is usually much better than that with a periodic boundary condition. The hopping integral t is set to 1 as the energy unit. mϭ200 states are kept in the DMRG calculation for systems with Lϭ64,72,80,88, and 96; the truncation error is between 10 Ϫ9 and 10 Ϫ6 depending on the sizes and model parameters; and the ground-state energies and staggered bond-charge structure factors are well converged. We checked our DMRG calculations against exact numerical results for long ͑up to 96 site͒ noninteracting (Wϭ0) chains, and excellent agreements were found both in the staggered bond-charge structure factors and in the energies of the ground states. Table I shows the accuracy of the DMRG method for different numbers of kept states. For a given L, an accurate estimate of the ground-state energy can be obtained by extrapolating E 0 to the limit m→ϱ. This can be done by extrapolating E 0 with respect to the truncation error ⌬, since the limit m→ϱ is equivalent to the limit ⌬→0.
25,26 Moreover, we have carefully compared our charge gap with the Bethe ansatz exact solution of the Hubbard model, 27 and obtained a quantitative agreement. The DMRG results of EG and BOW order parameters are shown in Fig. 1 together with those from the adiabatic limit and the mean-field treatment at the antiadiabatic limit. We calculate the EG order parameter and the staggered bondcharge structure factors with chain lengths Lϭ64,72,80,88, and 96, then do a linear extrapolation of these quantities with the inverse of the chain length 1/L, to obtain the values at the thermodynamic limit. It has been pointed that mean-field theory at the antiadiabatic limit includes quantum lattice fluctuations partially. The reductions of the EG and BOW order parameters are e Ϫ1/6 and 4 3 e Ϫ1/6 , respectively, from Eqs. ͑8͒ and ͑14͒. Within the DMRG calculations, we can see that the Peierls state survives the quantum lattice fluctuations as expected, but the reductions are much larger than that of the mean-field theory due to the effect of electron correlation in model ͑9͒.
In both cases, the adiabatic limit and the mean-field treatment of the antiadiabatic limit, the analytical forms of the EG and BOW order parameters were obtained for the weakcoupling system. When quantum fluctuation effects are taken into account, the EG order parameter behaves like
in the continuum version of the SSH model by the renormalization-group analysis. 11 In order to determine the analytical forms of the EG as well as BOW order parameters from the numerical data, it is essential to take finite-lattice effects into account. In this paper we take the finite-sizescaling analysis, used by Fradkin and Hirsch to analyze their quantum Monte Carlo simulations, 11 to obtain information about the infinite system for the case when the correlation length is larger than the lattices under consideration. The finite-size-scaling hypothesis 28 states that the EG order parameter for a finite system of L sites ⌬ EG (L) can be written as 29, 30 
with ⌬ EG (ϱ) the EG order parameter for the infinite lattice. The validity of Eq. ͑18͒ has been demonstrated analytically for Ising model in the 1ϩ1 dimensions, 29 and numerically for several other models. 30 Here we will use a graphical procedure to illustrate the information of the infinite system. Assuming a small change in both L and the e-p coupling constant , so that the L⌬ EG (L) remains unchanged, we obtain
.
͑19͒
In practice we will do finite changes in both L and . If we have a system with a size L 1 at coupling 1 and another with a size L 2 at coupling 2 , such that
and if the EG order parameter has the analytic form
one then obtains
In Fig. 2 we show results for ln͓L⌬ EG (L)͔ with chain lengths Lϭ64,80, and 96. According to Eq. ͑21͒ we should obtain a straight line with a slope a, but of course that is not the case because of finite-size effects. However, from Eqs. ͑20͒ and ͑22͒ we see that the horizontal distance between the curves should give us the value of a. After careful investigation, we obtain exactly aϭ1, which is identical to the result obtained from the renormalization-group analysis 11 for the spin-1/2 (nϭ2) fermion system.
In Fig. 3 we show that the linear relation ⌬ EG ϰ⌬ BOW is always valid not only in the mean-field case but also in the antiadiabatic limit, but the coefficients are different due to the quantum fluctuation. At the adiabatic limit, we have Eq. ͑7͒, i.e., ⌬ EG (a) ϭ0.5⌬ BOW (a) . For the mean-field theory at the antiadiabatic limit, we have Eq. ͑13͒, i.e.,
for the spin-1/2 fermion system. When we take electron correlations into account, we have finally ⌬ EG ϭ0.08⌬ BOW for nϭ2.
In summary, we have investigated two order parameters ͑BOW and EG͒ in a one-dimensional bond-charge attraction model, which can be mapped from the lattice SSH model at the antiadiabatic limit by the powerful DMRG method. It has been shown that the linear relation between the EG and BOW order parameters is kept even at the antiadiabatic limit, though the coefficients are different. While we confirm the analytical form of the EG order parameter obtained in the continuum SSH model, the reduction of the EG order parameter due to the quantum effect is found to be much larger than that of the BOW order parameter. The result indicates that the difference between the BOW and the EG cannot be ignored when quantum effects are included. Further works on quantum fluctuation effects with the difference are in progress.
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FIG. 3.
The ratio of the EG and BOW order parameters obtained from the DMRG calculations ͑solid squares with a solid line guided for eyes͒ together with that from the mean-field theory at the antiadiabatic limit ͑dashed line͒ as well as that at the adiabatic limit ͑solid line͒.
